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Abstract
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rationale for market indexing: In equilibrium, it is optimal for nonindex investors to
hold the market portfolio. The model demonstrates that passive investment (indexing)
is not benign. As more nonindexers become indexers, the statistical fit (measured by
R?) of the CAPM regression decreases; and for any portfolio other than the market
portfolio, the Sharpe ratio decreases and the conditional variance of payoff increases.
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It has now been over forty years since the first edition of A Random Walk Down Wall Street.
The message of the original edition was a very simple one: Investors would be far better off
buying and holding an index fund than attempting to buy and sell individual securities....

Now, over forty years later, I believe even more strongly in that original thesis.

Burton G. Malkiel

1 Introduction

The separation theorem provides the intellectual underpinning of index investment, and
the capital asset pricing model (CAPM) is the most important pricing implication of the

! But the CAPM is silent about the impact of market indexing on

separation theorem.
pricing. In this paper, we examine the implications of market indexing in an extension of
the mean—variance equilibrium analysis in which (i) the separation result holds and (i7)

a conditional CAPM holds. Thus, the equilibrium we present in this paper maintains the

rationale for market indexing, and the results are framed in the standard CAPM terminology.

To build our model, we depart from the standard CAPM in two ways. First, we adopt a
rational expectation framework (Grossman, 1976) in which investors combine their costless”
private information with the information contained in equilibrium prices. In a multiasset
extension of the framework, Grossman (1978) and DeMarzo and Skiadas (1998) show that
a conditional CAPM emerges. But this conditional CAPM is silent about the impact of

indexing in exactly the same way the standard CAPM is. We therefore deviate further

'In this paper, the term indexing is used as a short for market portfolio indexing. In August 1976, when
Vanguard started offering its index fund, Samuelson (1976) articulated the separation theorem in the popular
press: “What each prudent investor must do is to decide what fraction of savings he can afford, in this age of
inflation, to keep in equities and in other things. An unmanaged, low-turnover, low-fee index fund is merely
an efficient way of holding that part deemed appropriate for equities.” Lo (2016) writes that it was academic
research, specifically the CAPM and the efficient market hypothesis, that “provided the seeds from which
the index fund business grew.”

2Evidence that the trade of layman investors conveys, presumably costless, information is provided by
Kaniel, Liu, Saar, and Titman (2012), Kelley and Tetlock (2013), and Boehmer, Jones, and Zhang (2017).



from the standard model by explicitly dividing the investors into two groups: indexers and
nonindexers. Index investors are confined to investment positions on the capital market line
(i.e., combinations of the risk-free asset and the market portfolio); nonindex investors are
not confined. The presence of index investors in our model is the second and last departure

from the standard CAPM world.

We assume that some investors are market indexers, first and foremost, to facilitate a com-
parative statics analysis. We recognize that there are valid reasons why some actual investors
index and others do not.” Instead of performing a comparative statics analysis with respect
to any of the valid reasons, we do so with respect to the level of index investment. In partic-
ular, we do not pit the different valid reasons for indexing against the different valid reasons
for trading individual securities. Having abstracted from those valid reasons for and against
indexing, investors are ex ante indifferent between indexing and nonindexing, and we show

that when the economy is large they are even interim indifferent.

We prove the existence of a partially revealing rational expectation equilibrium in which To-
bin’s separation result holds: Nonindexers’ investment positions are located, in the volatility—
return plane, on the capital market line.” Similar to the rational expectation equilibrium
described by Grossman (1978) and DeMarzo and Skiadas (1998), a conditional CAPM rela-
tion holds. However, asset prices and betas depend on the specific partition of investors into

indexers and nonindexers.

By means of comparative statics, we find that as more nonindex investors become index

3For example, trading the index is a cost-efficient way to diversify and a suitable strategy for investors
who think their investment ability is below average and for investors who are worried about their own
behavioral biases. In addition, in some investment accounts (e.g., retirement or college savings accounts),
investors cannot trade individual securities. By contrast, an investor who trades individual securities can
realize capital losses without leaving the market, whereas the wash-sale rule prevents an index investor from
using tax-efficient strategies.

4A fully revealing equilibrium is an equilibrium in which, given the aggregate information in the economy,
prices are jointly sufficient statistics for the payoff (“future prices”) of the assets. A partially revealing equi-
librium is an equilibrium in which prices convey information about the payoff of assets, but the equilibrium
is not fully revealing.



investors, the proportion of idiosyncratic risk to total risk increases.” This increase manifests
in different ways. The statistical fit (measured by R?) of the CAPM regression decreases.
Provided that an asset price is positively correlated with the portfolio of the remaining
assets, correlation in asset prices increases.” In fact, when the proportion of index investors
is 100%, forward prices become perfectly correlated.” Provided that the return on an asset
is positively correlated with the return on the portfolio of remaining assets, correlation in
returns decreases. For any portfolio other than the market portfolio, the portfolio’s Sharpe
ratio decreases, and the variance of the portfolio’s payoff increases.” By contrast, both
the market portfolio’s Sharpe ratio and the variance of the market portfolio’s payoff are
unaffected. Using numerical computations, we find that betas do not gravitate toward one.
Finally, considering the complete set of signals (of both indexers and nonindexers) as the
“data” and the payoff of the market portfolio as the “parameter,” we show that the forward
price of the market portfolio is a minimal sufficient statistic for the payoff of the market

portfolio.

Interestingly, Campbell, Lettau, Malkiel, and Xu (2001) find that from 1962 to 1997, market
variance was stable while firms’ variances more than doubled. They find that comovement in
returns decreased, and the coefficient of determination also decreased. These authors provide
several possible explanations for their findings, such as the breaking up of conglomerates.

This paper provides a new explanation, namely the rise of index investment.

Our model is related to those of Levy (1978), Malkiel and Xu (2006), and Merton (1987).

These authors also model mean—variance economies in which some investors—much like the

5Idiosyncratic risk is the “unexplained variance” of the stock’s return. The proportion of idiosyncratic
risk to total risk is the fraction of unexplained variance, and it equals 1 — R2, where R? is the coefficient of
determination of the CAPM regression.

6As in other conditional CAPM models, prices and betas are realizations of random variables. It is
therefore meaningful to study their statistical properties.

"We do not have a derivative securities market in our model, but nevertheless we can compute synthetic
forward prices. Forward prices are prices divided by the price of the risk-free bond. In other words, these
are the prices at which the bond acts as the numeraire. These prices are also known in the asset pricing
literature as discounted prices.

8In this paper, a portfolio with a return r has a Sharpe ratio (Er —ry)/sd(r).



index investors in our model—do not solve a complete portfolio optimization problem. These
models do not obtain the CAPM because idiosyncratic risk is relevant when investors are
exposed to it. By contrast, in our model, idiosyncratic risk is irrelevant because no investor

(indexer or nonindexer) is exposed to it.

Bond and Garcia (2019) and Liu and Wang (2018) also model mean-variance competitive
economies in which a group of investors is confined to an index. These models focus on
the impact of index investment on information production and welfare, whereas our model
focuses on asset pricing. In addition, in the Bond and Garcia (2019) model, investors also
face participation cost in markets: It is costly to participate but cheaper to index, allow-
ing this model to capture the notion that indexing democratizes the investment world. For
Liu and Wang (2018), the cost of acquiring information about assets is an increasing, con-
vex, multidimensional function of signal precisions. This cost structure allows their model
to demonstrate how a rise in index investment can have different impacts on information

production in the index asset and the nonindex asset.

Our model adds to the literature that examines comovements and exchange-traded funds.
According to Barberis and Shleifer (2003), rational traders take advantage of the extrap-
olative expectations of switchers who move their holding from one set of assets to another.
Barberis, Shleifer, and Wurgler (2005) review additional theories of comovement that stem
from market frictions or noise traders’ sentiment. Comovement also shows up in market
structure-type models. According to Bhattacharya and O'Hara (2018), the source of co-
movement is the inability to precisely tease out information relevant to individual assets
from the exchange-traded funds. Also, Cong and Xu (2016) and Glosten, Nallareddy, and
Zou (2017) show that the presence of a composite security, created to cater to factor in-
vestors, enhances comovement. In our paper, comovement in asset prices increases because

indexers homogenize the market.” At the limit of our model, when all investors are indexers,

9See Footnote 6 in Page 3.



forward prices are perfectly correlated.

In the literature on active asset management, the term indexing is sometimes used as short for
benchmark indexing. Whenever some investors are exposed to a benchmark index that is not
the market portfolio, benchmarking distorts assets pricing. This point was demonstrated in
a static, mean-variance setting with proportional fees in Brennan (1993) and in a dynamic
setting with symmetric fees in Cuoco and Kaniel (2011). In our model, the index is the

market portfolio, and we nevertheless find distortions due to indexing.'’

Our model also adds to the literature on partially revealing equilibria. To avoid the fully
revealing outcome, this literature relies on noise trading (Iyle 1985), supply uncertainty
(Hellwig 1980 and Admati 1985), extrinsic noise (DeMarzo and Skiadas 1998), or preference
uncertainty (see Ausubel 1990 and the dynamic model by Detemple 2002). Our model relies
on none of these. Instead, the equilibrium we compute is partially revealing because index

investors only participate in the price discovery process for the market portfolio.

The remainder of this paper is organized as follows. In Section 2, we describe the model.
In Sections 3 and 4, we expand Grossman’s (1978) notion of artificial economies to a world
with index investors. In Section 5, we compute a partially revealing equilibrium. In Section
6, we present comparative statics. In Section 7, we present, as a limiting case of our model,
an equilibrium in which all investors are indexers. In Section 8, we study index investment

in a large economy. In Section 9, we conclude.

WOBasak and Pavlova (2013) offer an alternative view to what constitutes a distortion due to the presence
of indexers. However, we think the presence of indexers (whom they call institutional investors) in their
model distorts prices for a reason more fundamental than benchmarking: Those traders have a different
utility function and preferences toward risk matter to asset pricing. Indeed Basak and Pavlova (2013) report
that institutional investors distorts prices even in a single stock economy.



2 The Model

We consider a two-period, single-good exchange economy with one financial (i.e., zero-net-
supply) risk-free asset (a bond), n risky real assets (firms), and m investors. Investors are

labeled £ = 1,...m, and risky assets are labeled 1 = 1,...n.

For each risky asset, we normalize the number of outstanding shares to m. A portfolio
(of risky assets) is a vector x = [xl :L’n]/ in R™ with the interpretation that z; is the
number of shares of the ith risky asset.'' Let 1 € R"™ denote the vector of all-ones, so m1 is
the market portfolio. Whenever an investor holds a portfolio that is a strictly positive scalar

multiplication of 1, we say that the investor holds the market.

The prices of the assets are denominated in units of the time-zero consumption good, and the
assets’ payoffs are denominated in units of the time-one consumption good. The consumption
good is perishable, so the only way to transfer consumption between periods is through the

capital market.

The payoft of the bond is one. The price of the bond is denoted by p;. We define the risk-free

interest rate as follows: 7y = 1/p; — 1.

The random payoff, per share, of the risky assets is denoted by v = ["01 vn]/.u We

assume v ~ N(p,, Xyy), where 3, is a symmetric, positive definite matrix.'® The random

Tn this paper, the word “portfolio” is short for “portfolio of risky assets.”

12Notation: All vectors are column vectors. The transpose operation is denoted by a single quotation
mark. Bold lowercase (Greek or upright Roman) letters are used for vectors. Bold uppercase (Greek or
upright Roman) letters are used for matrices. If the dimensions of a matrix are 1 x 1, we treat the matrix as
a scalar. We have no special notation to distinguish random variables from their realizations. The context
should make our intention clear.

13Given two random vectors, z = [zl zn]l and y = [yl ym]/, we interchangeably use the
notations cov(z,y) and Y,y to denote the n x m covariance matrix [cov(z;,y;)] . Consequently, using
submatrix notation, we have

nxm

2

cov <z, [?D = [cov(z,y;) cov(z,y,)]

We routinely use the property that if A and B are nonrandom matrices, then cov(Ax, By) = A cov(x,y)B'.



payoff of a portfolio x is x'v; the mean of the payoff is x'u.,; and the variance of the payoff
is x'2,yx. The vector of share prices is denoted by p = [pl pn]/, so the cost of the

portfolio x is x'p.

Every portfolio with a nonzero cost has a return x'v/(x'p) — 1. Two portfolios have the same
return if one is a strictly positive scalar multiplication of the other. This is an equivalence
relation that is invariant under change of prices.'® In the portfolio analysis literature, an
equivalent class is identified with a vector of market-value weights, termed portfolio weights.
(Often, the word “weights” is omitted.) But, under a different set of prices, the same weights
represent a different equivalence class. (For example, the weights that represent the market

portfolio change as we change prices.) We therefore avoid market-value weights altogether.

Investors effortlessly observe the realizations of private signals centered around v. The signals

15

are _
S1k
Vi=1...m, sy=|: | =v+m'?e
_Snk
where -
0
€ ~ N : 7§]€€
0
d nx1
Y is a symmetric and positive definite matrix, and the random vectors {v, €y,...,€,} are

jointly normally distributed and mutually independent.

Subject to the budget constraint, the kth investor chooses the number of time-zero consump-
tion units, ¢; the number of bonds, b; and a portfolio of risky assets, x, to maximize the

expected value of the utility function:

Up(c,b,x'v) = —e” PkC — o~ Pr(b+ x'v)

141n other words, if two portfolios have the same return under one set of prices, and we then change prices,
then either both portfolios will not have a return or both portfolios will have the same return.

15The assumption that we can factor out m from the covariance matrix of errors is without loss of generality:
m > 0, so this is merely a scale.



Let o .

p= (E ; P 1> (1)
denote the harmonic mean of the coefficients of risk aversion. The exponential utility as-
sumption implies that investors’ initial endowments are not relevant for their investment
decision. So, for simplicity of exposition, we turn off heterogeneity in endowments. That

is, we assume each investor is endowed with ¢ units of a time-zero consumption good, zero

bonds, and the portfolio 1.

At some early stage (before signals and prices are observed), some investors decide to confine
their investment to bonds and the market portfolio. We call these investors index investors.
The remaining investors solve a complete portfolio selection problem. We denote the set of

indices of index investors by Z and the set of indices of the nonindex investors by NZ. We

then have |Z| + INZ| = m.

We can write the investors’ problems as follows:
Vk € NT, mbaxE [Uk(c, b,x'v) |k, P, pr]

st.c—c+(0=b)pr+(1—%x)p=0
Vk € T, max E [Ug(c, b, q1'v) |sg, 1'p, ps]

c,b,q

st.c—c+(0=bp;+(1—¢)1'p=0
Let ¢, b, and x; denote the optimal solution of the above maximization problems, where
X = qr1, whenever k € Z. The solutions of the maximization problems of the investors are

quantities that depend on the realization of the prices and signals.

Denote by s the concatenation of all signals. Given a partition {Z,N'Z}, a rational expecta-
tion equilibrium is a random pair (p,ps) such that for each joint realization of s and (p, py),
the market for the consumption good, the market for debt, and the market for risky assets

clear:

ch:mé, Zbk:O, ZXk—i-qul:ml
k=1 k=1

keNT kel



Our goal is to characterize the equilibrium for any partition of investors. In Appendix
E, we follow Grossman and Stiglitz (1980) and use those equilibrium prices to show that
any partition is an overall equilibrium: Before signals and prices are realized, investors are
indifferent about which group they want to belong to, indexers or nonindexers. We call this

ex ante indifference.

In Section &, we take the limit as m goes to infinity, so the economy is large and investors
are informationally small. We show that even after signals and prices are realized, indexers
peeking at the entire set of asset prices do not regret their decision to index. We call this

interim indifference.

We therefore proceed with the assumption that the partition of investors into indexers and
nonindexers is given. We initially assume that both types of investors are present. In other

words, 0 < |Z| < m. We remove this assumption in Section 7.

3 Artificial Economies

Grossman (1978) devises a heuristic for finding a rational expectation equilibrium.'® He
considers an artificial economy in which each investor has access to all private information
in the economy. He proves that if the equilibrium price vector in this artificial economy is a
sufficient statistic for the mean of the investors’ signals (which is the payoff vector, v), then

this price vector is also a rational expectation equilibrium in the actual economy.

This heuristic can be successfully applied to our model because in Grossman’s fully revealing
equilibrium everyone holds the market portfolio; therefore, in the fully revealing equilibrium,
the additional constraint on index investors is nonbinding. This means that the fully re-

vealing equilibrium is silent about the implications of index investment in exactly the same

16 Dutta and Morris (1997) and DeMarzo and Skiadas (1998) consider a certain class of economies for
which they can find a rational expectation equilibrium without reference to artificial economies.



way that the standard CAPM is. We are searching for a different rational expectation

equilibrium.

For the purpose of finding a new rational expectation equilibrium, we note that statistical
sufficiency of prices is a requirement stronger than needed. Indeed, when the price vector is
a sufficient statistic, any decision maker is indifferent between knowing all the information
and knowing only the prices. But we should heed only what the decision makers in our
model prefer (in particular, those index investors who solve a constraint problem), not what

every hypothetical decision maker prefers.

That said, as in Grossman’s fully revealing equilibrium, we are searching for a rational
expectation equilibrium in which the equilibrium prices reveal “information to each trader

which is of ‘higher quality’ than his own information” (Grossman 1976):
Vk € NI,Vx € R" E [Uk(c,b,x'v) sk, p,ps] = E|Uk(c,b,x'v) |p, pr]

Vk € I,Vq € R E[Ux(c,b,q1'V) |sg, 1'p,ps| = E [Uk(c,b,q1'v) |1'p, pf]

4 The Artificial Economy &

We fix an arbitrary, nondegenerate, multivariate normal random vector y, such that y and

v are jointly normal. We do not specify the dimension of the vector y.'”

Let py, be the expected value of y. Because v and y are jointly normally distributed, a stan-
dard result in probability theory is that v conditional on the realization of y is multivariate

normal with a conditional mean and a conditional (deterministic) covariance matrix:

Hyly = Hy + Evyz;; (¥ — py) (2)

z)vv|y =3y — z:vyz:;;;z)yv (3)

17 A multivariate normal random vector is nondegenerate if its covariance matrix is positive definite (and
hence invertible).

10



We define the artificial economy &, as follows. Investors have the same initial endowment
as in the actual economy. All investors are nonindexers, and investors do not observe re-
alizations of private signals. Instead, they observe the realization of the random vector
y. An equilibrium in &, is a pair (ps, p) such that for each realization of y, and for each

k=1,...,m, (c, by, Xx) solves

max F [Uy(c,b,x'v) |y]

c,b,x

st.c—c+(0=bpr+(1—x)p=0

and the three markets clear:

m m m
E Ccp = mc, E b, =0, E x, = ml
k=1 k=1 k=1

The following two results are standard.

Theorem 4.1. The artificial economy &, has a unique equilibrium. The equilibrium asset

prices are defined implicitly as follows. Let

f.= Hyly — P Evv|y1 (4)

The equilibrium price of the bond, py, is given by

log(ps) = —p <1/f + gl/EMyl) + pc (5)

and the equilibrium price of the risky assets is

p = p;f (6)

11



In equilibrium, the portfolio holding of risky assets is

D
x,=—1 7
: Pk (@)

The proof of Theorem 4.1 is in Appendix A.

Note that in the artificial economy, the separation result holds: Each investor holds the
market. Equation 6 demonstrates that f is the vector of synthetic forward prices. In other
words, the price of the risky assets denominated in units of the bond is f. Next, we show

that the CAPM risk-return relation holds in the equilibrium in the artificial economy.

Let rpxe = 1'v/('p) — 1, r; = v;/p; — 1, and

cov(Tmke, Ti[y)
P 8
Z var(rmke|y) (8)

Theorem 4.2. In the artificial economy &, the CAPM holds:

Elrily] = ¢ + Bi(Elrmi|y] — ) 9)

The proof of Theorem 4.2 is in Appendix A. So far, our choice of y has been arbitrary. We

now introduce a strong assumption.

(GR) The random vector y is such that
Vk e NI E[v|sy,y] = Hyly var(v]s,y) = By
VEeT  El'Vlsy,yl =1p,, var(l'vls,y) =12y, 1
A random vector that trivially satisfies (GR) is s, the concatenation of all signals. Therefore,

(GR) is not vacuous.

Our next goal is to show that when y satisfies (GRR), the equilibrium prices in the artificial

economy &, are the equilibrium prices in the actual economy. To that end, we first need

12



to establish that the prices in the artificial economy carry the same information as ., so

that the conditioning in (GR) on y can be replaced with conditioning on prices.

Because equilibrium prices are not normally distributed, we find it easier to replace the
conditioning on random vectors by conditioning on the sigma algebras generated by the

random vectors. We have the following.

Lemma 4.3. Assume y satisfies (G12), and let py and p be the equilibrium prices in the

artificial economy . Then, o(p,pys) = o(f) = o(py)y,) C o(y).

The proof of Lemma 4.3 is in Appendix A. We also need the following simple result.

Lemma 4.4. Let G and F be two sigma algebras such that G C F (F contains more

information than G ).

1. If E[v|F] € G, then E[v|G] = E[v|F].

2. If E[v|F] € G and var(v|F) € G, then var(v|G) = var(v|F).

The proof of Lemma 4.4 is in Appendix A.

Corollary 4.5. Assume y satisfies (GR). Let py and p be the equilibrium prices in the

artificial economy &,. We have the following.

1. The distribution of v conditional on the realization of py and p is multivariate normal

with the same mean and variance as the distribution of v conditional on y:
E[V‘p’pf} = IJ’v|y var (V‘papf) = ZJVv|y

2. For all k € NZ, the distribution of v conditional on the realization of py, p, and
Sk 18 multivariate normal with the same mean and variance as the distribution of v

conditional on y:
E[V{Ska pvpf} = ,'l’v|y var (V‘S]mp?pf) = Zvv|y (10)

13



3. For all k € Z, the distribution of 1'v conditional on the realization of ps, 1'p, and sy,
is normal with the same mean and variance as the distribution of 1'v conditional on

y. In other words,

E[l’v}sk, 1'p,ps] = 1'py), var (l’v‘sk, 1'p,ps) = 1Syl (11)

The proof of Corollary 4.5 is in Appendix A.

Corollary 4.6. Assume that'y satisfies (G'R). The equilibrium prices in the artificial econ-
omy &y form a rational expectation equilibrium in the actual economy. The allocations are

tdentical in both equilibria.

Proof of Corollary /.0. Assume that investors in the actual economy face prices that are the

equilibrium prices in the artificial economy.

Let k € N'Z. The investor’s objective is to maximize E[Uy(c, b, x'V)|sk, p, ps]. We have

Pk
e e (b KRy - GXE

vv|yX
E[Uk(C, ba XlV) |Sk7 p, pf] 2 v ) = E[Uk(c, b, X/V) |y]

(10)

Because the budget constraints are the same in both the actual economy and the artificial
economy, we conclude that the equilibrium allocation of a nonindex investor in the artificial

economy is also optimal in the actual economy.

14



Let k € Z. The investor’s objective is to maximize E[Ug(c, b, q1'v)|si, 1'p, p¢]. We have

max EUk(c,b,q1'v) |s, 1'p, py]
c.byg

st. ¢—c+(0—=bpr+(1—q)1'p=0

6_pk (b + qlll'l'v|y - %q21/2vv|y]—>

= max —e PEC_—
(11) c,b,q

st. ¢—c+(0—-bpr+(1—q)1'p=0

= max EUk(c,b,q1'v) |y]
c,0,q

st. ¢—c+(0—=bpr+(1—q)1'p=0

= max FE[Uy(c,b,x'v)|y]

c,b,x

st. ¢—c+(0—-bp;+(1—-x)p=0

where the last equality arises because in the equilibrium in the artificial economy it is optimal

for investors to hold the market (see Theorem 4.1).

We have shown that the equilibrium allocations in the artificial economy are optimal in the
actual economy. We are left to show that the three markets clear. Those allocations clear
the three markets in the artificial economy; therefore, they also clear the markets in the

actual economy.

|
5 A Partially Revealing Equilibrium
Guided by hindsight, we define the vector g € R" as follows:
g = (Suv + Zee) " Bivl (12)

15



and for the remainder of this paper, we set y € R"*! to

L k=1 -4 (n+1)x1
Theorem 5.1. The vector'y satisfies (GR).

Appendix B contains the proof of Theorem 5.1 together with some preliminary results needed

for the proof.

According to Corollary 4.6 and Theorem 5.1, there is a rational expectation equilibrium
with prices and allocations identical to those in the artificial economy &y. In particular,
every investor, whether indexer or nonindexer, holds the market portfolio, and a conditional
CAPM holds. Importantly, because the first n coordinates of y depend on the set NZ, the
equilibrium prices depend on the specific partition of investors into indexers and nonindexers.

The next corollary points out that the equilibrium prices are informationally equivalent to
y.

Corollary 5.2. We have o(p,ps) = o(f) = o(py)y) = o(y).

The proof of Corollary 5.2 is in Appendix C. For notational consistency and brevity, we
continue to condition on y. Corollary 5.2 implies that doing so is equivalent to conditioning

on equilibrium prices.

We have constructed a rational expectation equilibrium. But what is the information content
of y (or, equivalently, the equilibrium prices (p,ps))? The first n coordinates of y are the
average of the nonindexers’ signals. It is a well-known result in statistics that, in the case of

normal distribution with a known variance, the sample mean is a sufficient statistic for the

16



mean. Here, the mean is the asset payoff vector, v, and the variance is known. Thus, the
first n coordinates of y contain all the information about v that there is in the entire pool

of nonindexers’ private information.

The next theorem articulates the informational content of the (n + 1)th coordinate of y,
Yni1 = =8 > 1, . Recall that we use s (without a subscript) to denote the concatenation

of all signals.

Theorem 5.3. We have

1. E[l'v|s] = E[1'V|y,41], and var(1'v|s) = var(1'v|y,41).

2. Given's, yni1 18 a minimal sufficient statistic for 1'v.

In part 2 of the Theorem, s plays the role of the data, y,,; the role of the statistic, and 1'v

the role of the parameter.
The proof of Theorem 5.3 is in Appendix C.

The next theorem shows that the forward price of the market portfolio, 1'f, contains all the
information in the economy about the future payoff of the market portfolio. The proof is

based on the observation that 1’f is informationally equivalent to 1.

Theorem 5.4 (Sufficient Statistic). We have

1. E[1'v|s| = E[1'v|1'f], and var(1'v|s) = var(1'v|1'f).

2. Given s, 1'f is a minimal sufficient statistic for 1'v.

The proof of Theorem 5.4 is in Appendix C.
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In this section, we have constructed a partially revealing equilibrium in which prices only
convey indexers’ information about the market portfolio. Therefore, some information about
individual assets is lost. In the next section, we re-express this equilibrium property in
different ways, emphasizing the point that many statistics relevant in empirical work can be

linked to indexing.

6 Comparative Statics

So far, the sets NZ and Z have been fixed. In this section, we study how the equilibrium

outcomes depend on the level of index investment.

The next result is based on the observation that the (n + 1)th element of y, y,.1 =
#g’ > o Sk, is independent of the partition of the group of investors into indexers and

nonindexers.

Theorem 6.1. Fiz a joint realization of v and s. Then, pg, r¢, the price of the market
portfolio, the return on the market portfolio, and the capital market line do not depend on

the specific partition of investors into indexers and nonindexers.

The proof of Theorem 6.1 is in Appendix C.

Figure 1 shows an example in which the realization of the signals is fixed. The figure
depicts, in the volatility—return plane, the capital market line and the efficient frontiers for
two different partitions of the set of investors. As stated in Theorem 6.1, the capital market
line is the same in both examples. The figure shows the most common situation we found in
the many simulations we tried: The efficient frontier that corresponds to a partition of the
investors with a large set of indexers is nested in the efficient frontier that corresponds to a

partition with a smaller set of indexers.
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Figure 1: The efficient frontiers and the capital market line in the volatility—return plane.
These are the realized efficient frontiers in an example with six risky assets and 10,000
investors. The capital market line and the position of the market portfolio (tangency point)
are the same in both cases. The two points in the center of the frontiers stand for the same
risky asset. The conditional Sharpe ratios are the slopes of the straight lines joining these
points and the risk-free asset. These lines are not depicted, but it is apparent that the
Sharpe ratio is lower (the slope of the invisible line is gradual) when 95% of the investors
are indexers.
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In Theorem 6.1, the realizations of the signals and payoffs were fixed. In contrast, in the
remainder of this section, we study outcomes that depend solely on conditional covariance
matrices, which are matrices of scalars. Even the conditional Sharpe ratio (Theorem 6.3),
after algebraic simplifications, can be expressed in terms of scalars taken from covariance
matrices. Thus, in the rest of this section, we need not assume that the realization of v
or the realization of s is fixed. In particular, when we compare two partitions of the set of
investors, one with Z; and the other with Z, such that |Z;| < |Zy|, we do not assume that

7, C I, (the two sets may even be disjoint).

Theorem 6.2 (Conditional Variance of the Portfolio’s Payoff). Let x € R" be a
portfolio, and consider changes as we increase |Z|. If x is a scalar multiplication of the
market portfolio, then the conditional variance, var(x'v]y), does not change. For all other

portfolios, var(x'v|y) strictly increases.

The proof of Theorem 6.2 is in Appendix C.

For any portfolio with a return (i.e., a portfolio with a nonzero cost), we define the conditional

Sharpe ratio as

x'v
E —1 —
{ x'p ‘ y} i

x'v
var < -1y
p

Theorem 6.3 (Conditional Sharpe Ratio). Let x € R™ be a portfolio with a positive

Sharpe ratio, and consider changes as we increase |Z|. If x is a scalar multiplication of the
market portfolio, then the Sharpe ratio does not change. For all other portfolios, the Sharpe

ratio strictly decreases.

The proof of Theorem 6.3 is in Appendix C.
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We can always write

ri =74 Bi(rmke — 7)) + € (14)

where

e=r;—1f— Bi(Tmke — 77)

Because the conditional CAPM holds, we know that Elely] = 0. From the definition of
Bi (see Equation &), it is immediately apparent that E [(rymk — ry)e|y] = 0. Thus, it is
meaningful to use R? as a measure of the strength of the CAPM regression (Equation 14).

In practice, one computes the sample R?. We compute the population R?. We now ask how

R? depends on |Z].

Theorem 6.4 (Conditional R?). For every asset i, R? of the CAPM relation decreases

with |Z|.

The proof of Theorem 6.4 is in Appendix C.
Fix 7. Let 1 —e; be the portfolio that includes all assets except for asset i. Denote the payoff
and return by v_; and r_;, respectively.

Theorem 6.5 (Conditional Correlation in Returns). Assume corr(r;,r_;|y) > 0. Then,

this correlation decreases with |I|.

The proof of Theorem 6.5 is in Appendix C.

Theorem 6.6 (Unconditional Variance of Portfolio’s Price). Let x € R" be a portfolio,
and consider changes as we increase |Z|. Ifx is a scalar multiplication of the market portfolio,

then var(x'p) does not change. For all other portfolios, var(x'p) strictly decreases.

The proof of Theorem 6.6 is in Appendix C.
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Theorem 6.7 (Unconditional Correlation in Asset Prices). For every i, assume

corr(e;p, (1 —e;)'p) > 0. Then, this correlation strictly increases with |Z|.

Proof of Theorem 0.7. We have

cov(ep, (1 —e;)'p)

- Vhar(elp)yvar((1—e)'p)

To see that the denominator decreases and the numerator increases, we write

corr(e;p, (1 —e;)'p)

var(1'p) = var(e;p) + var((1 — e;)'p) + 2 cov(e;p, (1 — €;)'p))

According to Theorem 6.6, var(1’p) does not change, whereas both var(e/p) and var((1 —

e;)'p) decrease. Therefore, cov(e.p, (1 — e;)'p) increases.

7 The Limiting Case

We have already pointed out that, regardless of what the set of index investors is, the
concatenation of all signals, s, satisfies (GR). Therefore, regardless of what the partition of
investors into indexers and nonindexers is, there is always a fully revealing equilibrium. We

think that in the presence of indexers, the fully revealing equilibrium is unappealing.

That said, the fully revealing equilibrium is the equilibrium that corresponds to the limiting
case of the partially revealing equilibrium, in which all investors are nonindexers; that is,
INZ| = m. When all investors are nonindexers, the (n + 1)th coordinate of y is a linear
function of the first n coordinates. Therefore, y is degenerate, and its covariance matrix
is noninvertible. We can still use the artificial economy apparatus. We simply remove the
redundant (n+1)th coordinate, and we are left with the nondegenerate n-dimensional vector,
L

— E si. This vector satisfies (GR) because a sample mean of a multivariate normal random
m
k=1
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Figure 2: The efficient frontiers and the capital market line. This is a continuation of the
example shown in Figure 1. These are the realized efficient frontiers in an example with six
risky assets and 10,000 investors. The capital market line and the position of the market
portfolio (tangency point) are the same in all cases.

vector with a known covariance matrix is a sufficient statistic for its mean. Moreover, this

8

is a fully revealing equilibrium.'® Therefore, the limiting case in which all investors are

nonindexers is a fully revealing equilibrium.

When all investors are indexers, it is not clear how individual assets are priced. It is conceiv-
able that there are infinitely many equilibria, all of which agree on the price of the market
portfolio but disagree on the prices of individual assets. Our model can be used to pick one
of these equilibria, the equilibrium that corresponds to the limiting case of our model in

which all investors are indexers.

When all investors are indexers, the random vector y is not defined (because of the division by
zero of the first n coordinates). It is natural to remove the first n coordinates altogether, and

use only the (n+1)th coordinate. Indeed, y,41 = =g’ >, satisfies (GR) because, according

18The artificial economy in which everyone observes the sufficient statistic has the same outcomes as the
artificial economy in which everyone observes s (Grossman, 1978).
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to Theorem 5.3, this random variable is a sufficient statistic for 1’v. Thus, the conditions
in (GR) with regard to the set of indexers are satisfied. Moreover, the conditions in (GR)
with regard to the set of nonindexers are trivially satisfied because the set of nonindexers is
empty. Thus, the equilibrium in the artificial economy in which everyone observes only v,,11

is also a rational expectation equilibrium when all investors are indexers.

1.0
0.8
0.6

0.4

Correlation

0 20% 40% 60% 80% 100%

Percentage of Index Investors

Figure 3: Correlation in forward prices becomes perfect when the percentage of index in-
vestors is 100%. In this example, there are four risky assets, and for each risky asset we
compute the correlation between the asset and the portfolio of the remaining assets. The
payoff of one of the assets is negatively correlated with the payoff of the remaining assets. The

5 1 1 -1
parameters in this example are n = 4, m = 10,000, X, = ( TR :g), and e = Xy
—1-2-310
The values of p, ., and ¢ are irrelevant for the purpose of computing these correlations.

Figure 2 repeats the same example shown in Figure 1, but with the addition of the middle
case (50% indexers) and the two extreme cases. It is apparent that even when 100% of the
investors are indexers, the efficient frontier is not degenerate. By contrast, when all investors
are indexers, forward prices are perfectly correlated. In other words, if f; = p;/ps is the
forward price of the ith asset, then corr(f;, f;) is either 1 or —1."” Figure 3 demonstrates how

the correlation between forward prices changes as the level of index investment increases,

19When all investors are indexers, then Equations 2 and 4 imply that for each 4, f; = a; + b;y, 1 for some
scalars a; and b;. Thus, f; and f; are perfectly correlated.
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and becomes perfect when all investors are indexers. Interestingly, in this example, the
payoff of one asset is negatively correlated with the payoff of each of the remaining assets.
Accordingly, when the number of indexers is low, the forward price of this asset tends to
move in the opposite direction from the forward prices of the remaining assets. However,
when the level of index investors is sufficiently high, in this example, the correlation become
positive. When the percentage of index investors is 100%, the comovement in forward prices

is perfectly positive.

As in other conditional CAPM models, betas are realizations of random variables. In our
model, the distributions of betas are ratios of Gaussian random variables, and therefore
their moments do not exist. However, we can examine densities. We have computed many
examples, and find that as Z increases, the dispersion of a beta decreases. However, even

when the percentage of index investors is 100%, the betas are still random.

8 Large Economy

In this section, we follow Hellwig (1980) and McLean and Postlewaite (2002) and study a
large economy with asymmetric information by means of taking the limit of a sequence of
growing economies. Here, not only does the size of the economy grow to infinity but also the
accuracies of the private signals shrink to zero. When the economy is large, the price taking
assumption is appealing. When the signals are pure noise, the assumption that signals are
costless is appealing. We show that, as we pass to the limit, (i) the indexers’ constraint to
remain on the capital market line is not binding even after signals are realized and indexers
can peek at the entire set of asset prices, and (i) the qualitative comparative statics results,

reported in Section 6, continue to hold.

The mode of convergence we use is almost sure convergence. We therefore assume the

existence of a single probability space in which the payoff per share v and the multivariate
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random vectors {€;}72 , are defined. Next, we turn our attention to the set of investors. The
set of investors corresponds to the set of natural numbers, although in the mth economy
only the first m of them exist. We let Z and N'Z denote a partition of the natural numbers

such that when we set
B IZN{1,...,m}|
a m

7Tm

(15)

then lim,, ,, 7™ exists. For simplicity, we require the limit to be strictly between zero and
one. Finally, we take a sequence of strictly positive coefficients of risk aversion, {px}72,
such that if p™ is the harmonic mean of the first m elements, then lim,, ., p"* exists and is

strictly positive.

In every economy m > k, the coefficient of risk aversion of the kth investor is pj, the investor
is an indexer if k& € Z, and the signal the kth investor observes is s, = v + m'/?¢;,. Each of
the economies is exactly as described in Section 2. Importantly, in the mth economy, there
are m investors, and each risky asset has m shares outstanding; so the sequence of economies
is increasing in size. In the mth economy, the covariance matrix of the signal noise is m3;

so as the size of the economy increases, the investor becomes informationally small.

We now fix a joint realization v and {€;}3>,. Thus, for each m, we know the signals and the
equilibrium prices in the mth economy. We ask ourselves, What if an indexer picks at the
entire set of asset prices? Will the investor regret the early-stage decision to be an indexer?

The next theorem shows that in a large economy the investor does not regret this decision.

Theorem 8.1 (Interim Optimality of Index Investment in the Large Economy).
Fiz k € Z. For any m > k, let p™,pY}" be the equilibrium prices and let si* be the investor’s
signal in the mth economy. Let x}' denote the optimal portfolio when the index investor

takes those prices as given, but solves
max E [Uk(c, b, x'v) ‘s}?,pm,p?]
c,b,x

st. c—c+ (0=b)pf + (1 -x)'p" =0
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Figure 4: Interim optimality of index investment in the large economy. x™ = [z ... 2]

is the optimal unconstrained portfolio of an indexer. The figure shows the densities of
ah [z, demonstrating that lim, 23 /27* = 1. The parameters in this example are n = 2,
Yov=(R4), and Xe = Xy, and for every m, 7 = 1/2 and p™ = 2. The values of p,
and ¢ are irrelevant for the purpose of computing these densities.

Then,

P 1
xp=—1+—&"
" Pk Pk g

where pikf;cn is a zero-mean random portfolio (i.e., €' depends on prices and the signal).

Howewver, with probability one,

lim &' = 0,51

m—500
The proof of Theorem 8.1 is in Appendix C. Figure 4 demonstrates the convergence of the
unconstrained portfolio by showing the density of the ratio of holdings: When the uncon-
strained portfolio converges to a scalar multiplication of the market portfolio, 1, then the

ratio of share holding in asset ¢ to share holding in asset j is 1.

The result we report in Theorem &.1 is intuitive: An informationally small investor leaves
little on the table when adhering to Tobin’s investment rule. In a large economy (i.e., the
limit), an index investor is interim indifferent between investing in individual securities and

investing in the market portfolio. Therefore, any partition of investors into indexers and
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nonindexers is interim rational. Our final task is to illustrate that the impact of index

investment on asset prices passes to the limit.

The qualitative comparative statics analysis presented in Section 6 is mostly the study of
the sign of certain derivatives. It is possible that a sequence of those derivatives can be
strictly positive, but its limit is nevertheless zero. Our goal is to prove that the limit of those

derivatives is bounded away from zero, and hence the qualitative results pass to the limit.

Consider the conditional Sharpe ratio for the return on a portfolio x. In Theorem 6.3, we
proved that, provided that the portfolio is not a scalar multiplication of the market portfolio,
the Sharpe ratio strictly decreases as we increase the numbers of index investors. In fact,
in the proof of Theorem 6.3, we expressed the Sharpe ratio as a function of the proportion
of index investors. Once expressed as a function of the proportion, neither m, nor the set
of indexers, nor the set of nonindexers shows up in the expression for the Sharpe ratio. In
particular, if m; # mag, but p™ = p2 and 7™ = 72, then Sharpe ratio is the same in both

economies. We therefore have the following.

Lemma 8.2. Consider the sequence of economies parameterized by m. Let x be a specific
portfolio. There exists a function f such that in the mth economy, the conditional Sharpe
ratio equals

P f (%, By, Bee, ™)

In addition, if x is not a positive scalar multiplication of the market portfolio, then

0
8_7{(X’ Yivvs Zee, ™) < 0.

For proof, see the proofs of Theorems 6.2 and 6.3. The function f in the lemma is strictly
decreasing with respect to m because Theorem 6.3 is applied to each of the economies in the

sequemnce.
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We now consider two sequences of finite economies that are identical in every aspect, except
for the decomposition of investors into indexers and nonindexers. We assume that lim,, 7] <
lim,, 75". We fix a portfolio x. We want to show that the Sharpe ratio is smaller in the large

economy with larger fractions of indexers:
Y
]“HLI]‘ f(X7 EVV? Eee’ 71—’{”’) > 117{3‘,1 f(X7 2VV7 2667 W;n)

According to Lemma 8.2, f is differentiable with respect to 7. Thus, it is also continuous,
and the inequality above can be written as

2

[(X, Buy, Tee, Im 71]") > f(x, By, Tee, lim 757)

According to Lemma 8.2, f is decreasing in 7, which confirms the inequality. Similarly, we

can show that the other qualitative results we proved in Section 6 pass to the limit.

9 Concluding Remarks

Markowitz (1952) studies mean-variance portfolio selection and discovers the efficient fron-
tier. Tobin (1958) adds the risk-free asset, discovers the separation theorem (Tobin 1958,
page 84), and explains that “Markowitz’s main interest is prescription of rules of rational
behaviour for investors; the main concern of [my] paper is the implications for economic
theory, mainly comparative statics, that can be derived from assuming that investors do in
fact follow [Markowitz’s] rules” (Tobin 1958, p. 85). We add costless private signals, and
our main concern is the implications, mainly comparative statics, that can be derived from
assuming that some investors follow Tobin’s rule. Just as Markowitz’s rules are compatible
with Tobin’s extension, Tobin’s rule is compatible with our extension: In our model, it is

optimal for nonindex investors to index.

For our analysis, we have used the Rational Expectation setup. This setup was famously

criticized by Hellwig (1980). His criticism has two components. First, is the
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Our model shows that as more nonindex investors become index investors, the proportion of
idiosyncratic risk to total risk increases, the R? of the CAPM regression decreases, comove-
ment in returns decreases, and comovement in asset prices increases.”’ For any portfolio
other than the market portfolio, the portfolio’s Sharpe ratio decreases, and the variance of
the portfolio’s payoff increases. The following examples illustrate some of the implications

of our model.

There is a known link between corporate underinvestment in real projects and total risk.
Panousi and Papanikolaou (2012) find that the link is stronger when managers hold a large
equity stake in the firm, and Deng, Chen, and Kong (2014) go even further and document that
the link tends to be insignificant when managerial ownership is very low. Those empirical
papers support the notion that when managers are exposed to a firm’s total risk, they are
reluctant to invest in risky real projects. Our model shows that the larger the set of index
investors is, the greater is the uncertainty about future value of individual assets. Thus, our

model suggests a possible link between index investment and corporate underinvestment.

Similarly, the cost of financial hedging depends on the volatility of the future payoff of the
asset. In particular, our model suggests that the corporate practice of awarding options to

management is costlier in the presence of index investment.

Finally, a firm’s ability to raise financing (bank loans or bonds) is likely to depend on its
stock price. Our model shows that the larger the set of index investors is, the greater
is the comovement in pricing. It is therefore conceivable that in the presence of index
investors, a large negative shock to one firm may make it difficult for another firm to raise
the capital needed to invest in real projects or repay old debt. The former implies corporate

underinvestment; the latter implies financial contagion.

20See Footnote 6 in Page 3.
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Appendices

A Artificial Economies: Proofs

Proof of Theorem J.1. As stated in the theorem, f is given in Equation 4; the price of the
bond, py, is given in Equation 5; and p is given in Equation 6. Our goal is to show not only
that these prices clear the markets but also that they are the only prices that can clear the

markets.

In the artificial economy, the problem of the kth investor is

max E [Uy(c,b,x'v) |y], subject to ¢ —c+ (0 —b)ps+ (1 —x)'p=0

c,b,x

1 1
= max F [Uk (c, (c—c)—+ (11— X)'—p,X'V) ‘ y}
Dby

ceER,xER™ Dy
_ 1 1 k
— Pk ((c —c)—+ (1 —x)—p+xp,, - %X’Evva)

= max —e PEC_¢ Dy by

ceER,XxER™

_ 1 1 1 %
. — Pk ((C - C)_ + 1,_p> —Pk <X, </‘1’V|y - _p> - %X/EVV|yX>

=max —e PKC 4 ¢ Dy Dy X max —e Pf

ce XER™

(A.1)

We solve the maximization problem “backward.” The first-order condition with respect to
X is
1 k ,
(Zvv|y + X ) x=0

p
—Pp + Myiy — 5 Vv
Dy ly 92 ly

We replace x with x; to emphasize that this is the optimal portfolio of the kth investor.

Using the symmetry of the covariance matrix, we rearrange and obtain

1 1
Xy = —31 - — A2
k Ok vv|y (l’l’vy s p) ( )

When summing all portfolios, market clearing implies that in equilibrium they add up to the

market portfolio. When summing all reciprocals of coefficient of risk aversions, the definition
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of the harmonic mean (Equation 1) implies that they add up to m/p. Thus, summing the

first-order conditions (Equation A.2), we obtain

mo_q 1
st
We multiply the above parity by pX.y|y, and conclude that whatever p and p; are, their

ratio in any equilibrium is uniquely defined:

1
—P = Myiy — P Dyvlyl A3
Py By — P ly (A.3)

In other words, we have shown that the market for risky assets clears if and only if the ratio

of prices is given by Equation A.3.

Plugging the equilibrium ratio of prices (Equation A.3) back into the first-order condition

(Equation A.2), we conclude that

xp =11 (A.4)
Pk
Inserting Equation A.4 back into the investors’ problem (Equation A.1), we can write the

problem of the kth investor as

1 1 ) 1 0>
—Pk ((c —¢—+1—p+ Ly (uv|y - —p) - p—l’Evvyl)
max —e PkC _¢ Dy Dy Pk Pf 2px
cER

The first-order condition with respect to c is

1 1 0 1 D>
o Pk —Pk ((E - C)_ =+ 1/_p + ﬁ]-/ (/J’vy - _p> - 2p_1/2vv|y]->
pre” PRC = Ze py Pr Pk Py P
Py
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We take log on both sides, simplify, and replace ¢ with ¢; to emphasize that this is the

optimal consumption of the kth investor:

1 N NS B 1 7
6= - to(py) 4 (0= ) 41 p+ L1 (g, = ) - L
pe pr b e o) 2 T
Adding up the m first-order conditions of all investors yields
S (fj i) los(p) + <i<a— ck>> L
k=1 K1 P k=1 by
1 P 1 Plx=p
+ml'—p + — |1 (uv - —p) - = — | 1'3y1
o (B0 () 5 (£ e

The market-clearing condition implies > ", (¢ — ¢;) = 0. In addition, the definition of the
harmonic mean (Equation 1) implies

mﬁ_
> L

1

B
Il

Thus, the sum of the m first-order conditions and the market-clearing condition implies that

in every equilibrium we must have

m 1 1 p
mée = — log(py) + ml'—p +m1’ (uv - —p) —mz1'3y,1
F; 7) s ly Dy 9 ly

which simplifies to

1 ) 1 p
¢=~ log(py) + i3 (uv|y = gszyl) 5 5 o8 + I8 (f + gszyl) (A.5)

We conclude that in every equilibrium, the logarithm of the bond price is

log(py) = —p (1’f ¥ 51’2W|y1> + ge (A.6)

We already proved that in every equilibrium, the ratio of prices must satisfy Equation A.3,
and since we have demonstrated that in all equilibria the bond price is given by Equation

A6, we conclude that the vector of asset prices is also uniquely defined and given by

P = by (Hv|y - ﬁzvv\yl) (A?)
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To conclude the proof, we note that the equilibrium prices stated in the theorem and the
equilibrium portfolio of risky assets are the same at the equilibrium identities we computed
in the proof. That is, Equations 4, 5, 6, and 7 are the same as Equations A.3, A.6, A.7, and

A4, respectively.

Proof of Theorem /.2. Fix an investor k.

Let c;, by, and zj be the investor’s decisions in equilibrium. From Theorem 4.1, we know

that the investor holds the market. In other words, there is a scalar ¢} such that z} = ¢;1.”!

Define wy = bips+q;1'p, where py and p are the equilibrium prices in the artificial economy.
We invoke a calculus of a variation-type argument. Instead of looking at the full problem,
we restrict our attention to a subclass of feasible allocations that includes the optimal one.
Specifically, let us say that the investor contemplates consuming the optimal ¢; and investing
a fraction ¢ of wj in the market portfolio, a fraction x of wj in asset i, and the remaining
(1 — ¢ — k)wj, in bonds. In other words, the allocation the investor contemplates is to buy
wi(1 — ¢ — K)/py bonds, a fraction wiy/(1'p) of the portfolio 1, and an additional w;k/p;

shares of asset 7. The optimal fraction invested in asset ¢ must satisfy x = 0.

We can write the investor’s problem as follows:

max F [Ux(c,b,x'v) |y], subject to ¢ —c+ (0 —b)ps + (1 —x)p=10

c,b,x

= max E[Uy (¢, b,x'v)|y], subject to bpy + x'p = wy,

bxeR"
% /
=~ P 4 max B [e_p’“ (b V>‘ Y} , subject to bpy +x'p = wj,
X€E "
— P L max —E [exp <—psz (# + Iilfv + Em)) ’ Y}
e Py I'p i

2In Theorem 4.1, we have shown that the scalar is p/py. But for the proof, we only need to know that
the investor holds the market.
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Thus, the maximization problem is equivalent to

rgixu — o —r) (1 +7s) + o1+ Elrmely]) + £(1 + Elrgy])

_ PrWy
2

(9% var (Tumie| y) + 20k oV (T, 73| y) + K7 var (1] y))

Taking the first-order condition with respect to ¢, and evaluating at x = 0, yields

Elrm|y] — Ty
var (k| y)

Elrmaly] =75 — wppwpvar (rue| y) =0 — pprwy =
Taking the first-order condition with respect to , and evaluating at k = 0, yields
Erily] —ry — pprwy, cov (T, 7] y) = 0
Combining both conditions, we obtain

Elrilyl =7 = Bi(E[rax|y] —7¢) =0

Proof of Lemma /.5. In this proof, we repeatedly use the Doob—Dynkin lemma. The pair

5, 1S a

(p,ps) is defined as a measurable mapping of f. Indeed, ps, given in Equation
measurable function of f. So p, given in Equation 6, is also a function of f. Therefore,
o(p,ps) C o(f). The reverse is also true: Given the pair (p, py), we have f = pifp. Therefore,
o(p,ps) 2 o(f), and we conclude that o(p,ps) = o(f). Next, Equation 4 implies o(f) =

0(Hyly). Finally, from the definition of conditional expectation, we know that ), is a

measurable function of y, and hence o(p,),) C o(y).

Proof of Lemma /./. For part 1, we have

EMI] =, EIEMFIG) | = EvIF)
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For part 2, we use the result from part 1:
var(vlg) = E[ (v~ E[v|d)) (v — Elv[d])'|¢]

— E[(v - EN|F) (v — E[v|F)) |G]

= E|Bl(v = EVIF) (v = EWF)Y | F]|9]
i BlatIAe] | s vnv17)

Proof of Corollary /.5. We study conditional distributions, where the conditioning is on
prices (and, in parts 2 and 3, also on signals). Lemma 4.3 implies that whenever we condi-
tion on prices, we can condition instead on f, which is Gaussian. Thus, all the conditional
distributions stated in the corollary are indeed Gaussian. We now verify that the means and

the covariance matrices are as stated in each part of the corollary.

For part 1, we have o(ps,p) C o(y) and E[v]y] = p,, € o(ps, p). Thus, we can apply part 1
of Lemma 4.4 to conclude that E[v|ps, p] = p,- Next, we have var(v|y) = 3.yy, which is
nonrandom. Thus, we can apply part 2 of Lemma 4.4 to conclude that var(v|ps, p) = Zyvjy-

This concludes the proof of part 1.

For part 2, let k € NZ. We have o(sg,ps,p) C 0(sg,y). According to (GR), Elv|sg,y] =
Iy, Which is measurable with respect to o(sk, py, p). Thus, we can apply part 1 of Lemma

1.4 to conclude that E[v|sy, ps, p| = tyjy-

Next, according to (GR), var(v|sg,y) = 3yvjy, which is nonrandom. Thus, we can apply
part 2 of Lemma 4.4 to conclude that var(v|sy,ps, P) = Xyvjy. This concludes the proof of

Equation 10.

For part 3, we first note that o(1'p,,) = o(1'f) = o(ps): To obtain the first equality, we

multiply each side of Equation 4 from the left by 1’. The second equality is implied by
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Equation 5. Thus, for every k € Z, we have o(1'uy,) € o(sk,pf, 1'p) € o(sk, ps,p) €

o(sk,y). According to (GR), E[1'v[sg,y] = 1'p,, which is measurable with respect to

o(sk, ps, 1'p). Thus, we can apply part 1 of Lemma 4.4 to conclude that E[1'v|sy, ps, p] =

1/l“l’v|y‘

Finally, according to (GR), var(1'v|sy,y) = 1'3.y|y1, which is nonrandom. Thus, we can
apply part 2 of Lemma 4.4 to conclude that var(1'v|sy,ps, p) = 1'3yyy1. This concludes

the proof of Equation 11.

[
B Proof of Theorem 5.1
Before we prove the theorem, we need some preliminary results.
First, we define the auxiliary matrix as follows:
s
In><n Mzgelzvv(l - g)
m
M = (B.1)
NZT
0n><n _uze_elzvv(l - g) + g
m 2nx(n+1)
We can now write
2vy = [Evv z]va] (B2>
= [EW EVV] M (B.3)
Also,
m
ZJVV + —Eee
Vk e NI, cov(y,s;) = INT| (B.4)
/
1 EVV (n+1)xn
2VV
VkeI cov(y,sk)=|,, (B.5)
1 2vv
(n+1)xn
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So, for any nind € NZ and ind € Z, we have

]—/ [Evv Zvv} = [len ]-1><1] [COV (Y7Snind) cov (Y7Sind)j| (B6)
and
[cov(Y. Snina) COV(Y,Sina)] = W z | /
v Evv 1 Evv (n+1)x2n
The latter implies that
Yoy = ]./\/I\ = [cov (¥, Snina) cov (y, Sind)} M (B.7)
13, 1'Y,.g

Lemma B.1. Let x € R" be an arbitrary portfolio. By means of matching terms, define

q € R" and the scalar q to be

(@ q]) ) =X By Dy (B.8)
Then, q = 0,,x1 if and only if x is a scalar multiplier of 1 with x = ¢1.

Proof of Lemma I.1. Let x be arbitrary, and multiply both sides of Equation B.8 by 3,
on the right:
[q/ Q} Eyy = X,Evy

We use Equations B.2 and B.7 to obtain

/ / ! = |x/ !
|: <Evv + — |NI| ) + q1 Evv q Evvl + ql z:vvg‘| - [X EVV X Evvg] 1x(n+1)

1x(n+1)

Matching terms makes it clear that q = 0 implies x = ¢1, and hence x is a scalar multiplier
of 1. We need to show that the opposite is also true. Let us say that x = g1, and assume

by means of contradiction that q # 0. Matching terms must yield

Evv :Oxn
( * N> ) 1
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Multiplying on the right by q and noticing that (EVV + %E“) is a positive definite

matrix, we obtain a contradiction:

m
0<dq [ Zvw+ =2 =0:x,q=0

Applying Lemma B.1 to x = 1, we obtain

(01 1] =1'S,, 5

We define the n-dimensional random vector as follows:
Z =V — EvyE;;y

Lemma B.2. We have

FEz = Ky — EvyE;;ﬂ'y

var(z) = Xyvly

(B.10)

(B.11)

(B.12)

Proof of Lemma B.2. Equation B.11 follows from the definition of z. As for Equation B.12,

we have

var(z) = var(v — Xy, 30 y)

=S + Dy Ey By S Sy, — B, B0 8, - B, 8008,

= Z]vv - Evyz;;zyv

vvly

)

Lemma B.3. We have

1. cov(z,y) = Onx(nt1)-
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2. Vk € NI, cov(z,s;) = Opxn.

3. Vk € Z, cov(1'z,8;) = 01xn-

Proof of Lemma B.5. For part 1 of the lemma,
cov(z,y) = cov(v — EvyE;;y, Y) =2y — Bvy = Opx(nt)

For part 2 of the lemma, it is convenient to compute an n x 2n covariance matrix. For any

nind € N'Z and any ind € Z, we have

[COV (Z, Snina) COV (z,sind)] = [cov (V,Snind) COV (v,sind)] — EvyE;; [cov (¥, Snind) €OV (y,sind)]

= [Ew EW] — EvyE;; [COV (¥, Snina) COV (y,sind)}

We now multiply both sides of the equations on the right by M:

[COV (Z, Snina) cov (z, sind)} M = \[EVV EW] l\/IJ—EVyE;; \[cov (¥, Snina) cov (y, sind)} M
:vEVy :szy

(B.3) (B.7)
= Zvy - Evy

= Onx(nt1)
In submatrix notation, we can write the above, using the definition of M from Equation B.1,
as
[Cov(z, Snind ) t} = [Onm Onxl]

2

where t is some vector.”> This proves that cov(z. Syina) = Oyxp.
sy Onind nxn

228pecifically,

NI

t= (cov(z, Snind) — cov(z, sind)) 2; Yuov(l—g) + cov(z,Sind)g

23 Although it does not prove, and it is not true, that cov(z, sinq) = 0.
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Next, for part 3 of the lemma, we need to prove that cov(1'z,spq) = 01xy,. Again, to

facilitate linear algebra manipulations, it is convenient to compute a vector of dimension 2n:
[cov(l’z,snind) cov(l’z,sind)} =1 [cov (Z, Spina) COV (z,sind)}
=1’ [cov (V,Spina) €OV (V, Sina)| — l'EVyE;yl [cov (¥, Snina)  cOV (Y, Sind)]
=13y Zw] - 1'2‘,},2;; [cov (¥, Snina) €OV (Y, Sind)]

=V B Ba] = 0w L] [eov (3, 8uma) - €ov (7. 5a)]

= 01x2n
(B.6)

Lemma B.4. For all k € NI, we have
Elvly,s;] = Elv]y]

var (v‘y, sk> = Yyl

Proof of Lemma B./. Let k € NZ. Part 1 of Lemma B.3 states that cov(z,y) = 0, and part
2 states that cov(z,sy) = 0. Therefore, cov (z, [sy]> = 0px (2n+1)-
k
Thus,
Elzl|y,s;] = Ez (B.13)

Y, sk> = var(z) (B.14)

var (Z

We have

_ ~1 _ 1. e _
Evly,sk] o E [z + Xy 2,y Y, sk] . Bz+3,, 3y o) Py + vy 3 (Y —tty) 5 Elv|y]

.1

(B.15)

Next,

vvly

var (v |y, si) o var (z + Sy Xy |y, sk) = var (z]y,s;) = var(z)

(B.14) (B.12)
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Lemma B.5. For all k € Z, we have
E[1'v]y,s;] = 1E[v]y]

var < 1'v

Yy, Sk) = 1/Evv|y]-

Proof of Lemma B.5. Let k € Z. Part 1 of Lemma B.3 implies that cov(1'z,y) = 0, and

part 3 states that cov(1'z,s;) = 0. Therefore, cov (1’z, [g]) = 01 (2n41)-
k

Thus,
E[l'zl|y,sy]| = E1'z (B.16)
var (1'z‘y7 sk> = var(1'z) (B.17)
Now,
_ 1 -1
E1'vly,si] ) Elz]y,s;] + 1S Xy W Elz+ 13,5y
/ 1 , (B.18)
=1 (uv + EvyEyy(y — p,y)) (?) 1'E[v]y]
Next,
var <l'v Y, sk) o var (1’z+1’2vy2;;y y, Sk) = var (1’z y, sk> W var(1'z) o 1'Y,yy1

Proof of Theorem 5.1. The proof follows from the fact that Lemmas B.5 and B.4 show that

the four conditions in (GR) are satisfied.
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C Additional Lemmas and Proofs

Lemma C.1. We have

Sovpl = Sho(l - g) (C.1)
1 m

Vpgy = Vhy + —g'> (s~ 1) (C.2)
k=1
1 m

't=1p,+ Egl Z (sk — py) = P1'E (1 — g) (C.3)
k=1

Proof of Lemma C.1. To prove Equation C.1, we have

vyl = YIRS IR S Y i) Y |
3

= X,,1-3, [O”“}

(B.9) 11><1
- 2vv]- - 2vvg

(B.2)

= Zvv(l - g)

This proves Equation C.1. To prove Equation C.2, we have

Upyy 5 Vp, + 13,300y — py)

. !/

= 1p,+ [len 11><1} (y — my)
(B.9)

— 1V, + g §m (sk — 12y)

as "V m p v

This proves Equation C.2.

Now, we use Equation C.1 to re-express Equation 4, which yields the following equation:

f= I‘l’v\y - pEVV(l - g)

We multiply the above by 1’ from the left, and we use Equation C'.2 to obtain Equation C.3.
[ |
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Proof of Corollary 5.2. This corollary adds only one more property to Lemma 4.3: The last
set inequality in Lemma 4.3 is an equality. Therefore, to prove the corollary, it is sufficient

to show that p,, reveals y.

Equation C.2 implies that p., reveals the (n+ 1)th coordinate of y. Indeed, by rearranging

Equation C'.2, we obtain yn1 = 1'(pyy, — ) + &'ty

Taking advantage of the fact that u,, reveals the (n + 1)th coordinate of y, we rewrite

Equation 2:
v — Ey y1 — Evy
vy — v+2v 2_1 — V+Ev 2_1
g |y a oW Yn — Eyn a vy Yn — Evn
Ynt1 — Eyni1 1/(Nv\y — 1)

To obtain the first n coordinates of y, we solve the above system of n linear equations; the

unknowns are the first n coordinates of y. Thus, p,, reveals all n + 1 coordinates of y.

Proof of Theorem 5.5. Because s and 1'v are jointly normally distributed, the conditional

distribution of 1'v, given s, is normal with mean E[1’'v|s] and variance var(1'v]s).

We have
z]vv + mzee Evv e Evv
2vv 2vv + mzee e 2vv
2ss = . . .

Evv Evv Evv + mzee XTI

Thus,
[Inxn T Inxn}nxnm - [(mzvv + msz)_l e (mEVV + mzee)_l}nxnm iss (04)
We also have
Evs = [Zvv 2vv:|
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Therefore, by multiplying each side of Equation C.4 on the right by X_' and on the left by

v, We obtain
EVSE_l = [Evv (mxvv + mzee)_l e Myy (mzvv + ngg)_l}nxnm

Multiplying both sides of the above equation on the left by 1’, and recalling the definition

of g (see Equation 12), we conclude that

12,32 = '

[g g,} Ixnm

1
m
Thus,

1 m
E[l'v]s] = V'p, + 12 (s — Bs) = 1'p, + g > (s — ko)
k=1

= (1" =g )py + Yn+1 (C.5)
depends on s only through y,, 1. Therefore, applying part 1 of Lemma 4.4, we conclude that
E[1'v|s] = E1'V|yn]

Next, we note that
var(1'vls)

is merely a scalar;” therefore, we can apply part 2 of Lemma 4.4 to conclude that
var(1'vls) = var(1'v]y,.1)

To prove that y,.1 is a sufficient statistic, we note that the density of a normal random
variable depends only on the mean and variance. Therefore, from part 1 of the lemma, we
conclude that the conditional density satisfies f(1'v|s) = f(1'V|y,+1). In our model, the
“data,” s; the “statistic,” y,41; and the “parameter,” 1'v, have a known joint distribution.
Thus, we use Bayes’s rule (see theorem 2.2.1 of Geweke 2005) to conclude that y,.; is a

sufficient statistic for 1'v.

p C1I1C. 5
ELI(]‘, |S) ]‘EVV]‘ 12‘/5255 ESVI ]‘IZVV]‘ gEVV]'
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Now, let ¢(s) be another arbitrary sufficient statistic. To show that y,,,; is minimal, we need
to show that y,.; is a measurable function of ¢(s).”” From Bayes’s rule (again, see theorem

2.2.1 of Geweke 2005), it follows that f(1'v|s) = f(1'v]|t(s)). Thus,

E[UV]Hs)] = BIVIs] = (1~ )iy + v

In other words,
Yn1 = E[1'v[t(s)] — (1" — g')p,,

which shows that y,,+1 is a measurable function of #(s), and hence minimal.

Proof of Theorem 5./. From Equation C.3, we have
f =y + (1 —ghp, — pl'S0(1 - g)

Thus, there is a one-to-one mapping between 1'f and y,1. As a result, o(1'f) = o(yni1)-

The proof follows from Theorem 5.3.

Proof of Theorem 6.1. The price of the bond, py = 1/(1 + ), is given in Equation 5. Two
terms in Equation 5 can cause py to depend on how the investors are divided into index and
nonindex investors. The first term is 3y}, 1. Equation C.1 shows that this term depends on
Y.+ and g, which do not depend on the specific partition. The second term is 1'f. According
to Equation (.3, 1'f does not depend on the specific partition, so we conclude that p; and

r¢ also do not depend on the specific partition.

25The intuition that underlies the formal definition of the minimality of a sufficient statistic is as follows.
If y,+1 is a measurable function of ¢(s), then y,+1 € o(t(s)). Therefore, o(yn+1) C o(t(s)), SO Ynt1 contains
less (not necessarily in a strict sense) information than #(s).
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1'f
The price of the market portfolio is 1'p = . Therefore, the price of the market portfolio

© 1+r f
is also independent of the specific partition. Because payoffs are exogenous, and the price
is independent, we conclude that the return on the market portfolio is independent of the
specific partition. In particular, the conditional expected return on the market portfolio

and the conditional variance of return on the market portfolio must be independent of the

specific partition, so the capital market line remains unchanged as we change Z.

Proof of Theorem 0.2. We use the following standard notation. If A = [aij] is an arbitrary
0A y

matrix with elements that depend on a parameter 7, then I is the matrix [%] . IfBis
T T

an arbitrary matrix with elements that do not depend on the parameter 7, then”

OBA'B’ OA
— — = _BA'——A'B (C.6)
on on
For a qualitative comparative statics, any monotonic increasing transformation of |Z| is a

measure of the level of index investment. We use as a measure of index investment the

proportion of index investors:
|Z]
™=
m

Although 7 takes values only on a discrete set of numbers, we can nevertheless differentiate

X' Yy vlyX with respect to 7. Note that since 0 < |Z| < m, we have 7 € (0,1).

From Equation 3, we have

Evv|y - 2vv - 2vyE;;Eyv

i BA'B’ A™!
26We obtain Equation C.6 as follows. First, we have 9 = Ba

) on or
A~ 0A
= A_la—A_1 (see Horn and Johnson, 1991, equation 6.5.7).
T

!
B’ (see Horn and Johnson,

1991, equation 6.5.3). Second we have

T
Combining both, we obtain Equation C.6.

47



where 3y, and X, = [EW Evvg] (see Equation B.2) are independent of m. We use

Equation C.6 with A = Xy, and B = Xy

Equation B.7 shows that

azyy _ 1 |: Eee On><1:|

01><n 01><1

on (1 —m)? (C7)

By matching terms, we define the vector q and the scalar ¢ such that [q’, q} =x EVyE;yl.

We have

Ovar(x'vly)  0x'3yyyx

om or

-1 azyy
Yy on

= X3, X

1
mqlzeeq >0

where the inequality arises because X is positive definite. The inequality is strict whenever

-1 o
Eyy YgvX =

q # 0. According to Lemma B.1, g = 0 if and only if x is a scalar multiplication of 1.

Proof of Theorem 0.5. The numerator of the Sharpe ratio is

]‘ /
= pX Yyy(1 —
(C.1) x’ppX ( g)

x'v 1 , / r
E L{,p - 1M —1 = 5 (x'pypy = X'P(L+7y)) T e

The denominator of the Sharpe ratio is

x'v 1
var — 1|y | = —+/var(x'vly)
x'p x'p

Therefore, the Sharpe ratio equals

X' (1—g)
var(x'vl]y)

and its numerator is a scalar that is independent of the sets N'Z and Z. The numerator must
be positive because in the statement of the theorem we assume the Sharpe ratio is positive.
Theorem 6.2 states that as long as x is not a scalar multiplication of the market portfolio,

the denominator increases as the proportion of index investors increases.

48



Proof of Theorem 0./. We have

cov? (i, Birmit|y)
var(r;|y) X var(5;rmx|y)
(oY) (€8wl)’
~ var(yly) x var(L'v]y)  var(elv]y) x 'S,y 1
_ (@Sai-g)
(1) var(efv]y) x 1'3,,(1 — g)

R? = corr2(n-, 7r+ Bi(rme — 7p)|y) =

where e; is the vector with one in the 7th coordinate and zero elsewhere.

Because R? is positive and the only term that depends on the level of index investment is
var(e;v|y), whether or not R? decreases depends on whether or not var(ev]y) increases. We
apply Theorem 6.2 with x = e; to conclude that this conditional variance increases with |Z|.

Therefore, R? of the CAPM regression decreases with |Z].

Proof of Theorem 6.5. We have

cov(ri, r—ily) cov (v, v_|y)

\/var(ri ly) \/V&I(T’_i ly) - \/V&r(vz- ly) \/V&r(v_i ly)

corr(r;, r_;|y) =

€3yl — var(ejv]y)

- \/var(egv|y)\/var((1 —€;)'v|y)

According to Equation C.1, the first term in the numerator is independent of the level of
index investment. From Theorem 6.2, applied to the portfolio e;, we conclude that the
numerator decreases as we increase |Z|. We also know that the denominator is positive, and
Theorem 6.2 (applied to e;, then separately applied to 1 — e;) implies that the denominator

is increasing. In summary, we can formally write the correlation as

N(T)

D(Z)
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where we have shown that N(Z) decreases with |Z| and that D(Z) is positive and increases

with |Z|. Let Z; and Z, be such that |Z;| < |Z]|. We have

N(T) N N(T) g N(T)
D(Z,) 1 D(Z,) 1 D(Z,)
0 < D(T)) < D(T,) N(T,) > N(Z»)

0< N(Zy)

which shows that the correlation decreases.

Proof of Theorem 6.0. Let x € R™. Our goal is to examine var(x'p).

We have
var(x'p) = var(psx'f) = var(psx'(pyyy = PEwviy1)) s
) C.8
= var (E[pfxl(v - ﬁZVVIyl)b’])
The law of total variance, applied to the random variable pyx/(v — pXyyy1), states that
var (pr/(V - ﬁzvv|y]—)) = Evar (pr/(V - ﬁzvv|y1)‘ Y) + var (E[pr/(V - ﬁzvv\yl)b’])
o Evar (pyx'(v — pEyyyl)|y) + var(x'p)
= Epjvar (x'(v — pXyyyl)|y) + var(x'p)
= Ep;var (x'v]y) + var(x'p)
= var (xX'v|y) Ep} + var(x'p)
where the last equality arises because var (x'v|y) is a scalar, and therefore can be taken

outside the expectation.

The left-hand side, var(p;x/'(v — pXyvjy1)), is independent of the specific partition of in-
vestors into indexers and nonindexers because each element inside the variance operator
is independent. Indeed, p; is independent (see Theorem 6.1), x is an arbitrary vector of
scalars, v is exogenous and hence independent, and finally 3,y|y1 is independent because

the right-hand side of Equation C.1 is independent of the specific partition.
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Also, Ep?c is positive and independent of the level of index investment. Therefore, var(x'p)
decreases as we increase |Z| if and only if var(x'v|y) increases as we increase |Z|. Thus, the

proof follows from Theorem 6.2.

D Proof of Theorem on Large Economy

Proof of Theorem &.1. To prove the theorem, we need to compute the unconstrained optimal
portfolio of an indexer, given the equilibrium prices. For the rest of the proof, we fix ky € Z.

Let m be such that m > kg so that the investor is part of the mth economy.

In the mth economy (see Equation 13)

_ 1 i} _
1/2
o st vim? e S ] e e
NI S NI Lo mi2 L= L
ym: — =
1 ’ism ’V—l—ml/21 ’ie ’V—l——1 ’ie
mg k g mg k g ml/zg k
L k=1 4 (n+1)x1 L k=1 _ L k=1 _

(D.1)
where for the last equality we have used 7™, the proportion of index investors in the mth

economy (see Equation 15).

Because the equilibrium prices (p}”,pm) are informationally equivalent to y™ (Corollary
5.2), the information available to the koth investor is the pair (sj},y™). Thus, the optimal

unconstrained portfolio is

1 — m .m m. . m 1 m
Pko Py
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We plug in the above equilibrium prices (Theorem 4.1) and rearrange as follows:

ﬁm — m m m 1 — m m m m m
Xy, = var H(vIy™, i) var(vy™)1 + S van Hvly™sin) (Elvly™ si] — E[v]y™)
0 0
(D.2)
We define yj to be as in Equation D.1, except that kg is “treated” as a nonindexer.
r 1 7 r 1 1 T
m Z Sk’ Ay — Z €k
‘NI | +1 keNT™ J{ko} m L=mm+ 1/m keNT™ {ko}
Vi i= =
1 / - m / 1 / <
8 Zsk gVt 8 Zek
- k=1 - (n+1)x1 o k=1 - (n+1)x1
(D.3)

In the technical lemma presented at the start of Appendix C, we proved that X, 1 does not
depend on the partition of investors (see Equation C.1). Thus, var(v|yj:)1 = var(v|y™)1,

which implies

var ' (v|yj) var(v]y™)1 =1 (D.4)

We note that the pairs (y™,sj.) and (yj.,sj,) are informationally equivalent: Given either
pair, we can compute the other pair. Now, according to our main theorem (Theorem 5.1),

yi satisfies (GRR); thus,
Elvly™, sp] = Elvlyi. sip] = ElvIyi]

var(v]y™, SZ?)) = Var(v|y’,z;, SZS) = Var(v|yzz)
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So the optimal unconstrained portfolio is

ﬁm — m . m m 1 - m .m m . m m
ko = ——var (v]y™ s ) var(v]y™)1 + — var~ (vy™ s}t ) (E[vly™,sy] — Elvly™])
(D-2) Pko Pko
pm — m m 1 - m m m
= ——var (v|yp) var(v|y™)1 + —var~ ! (vlyp) (E[v|yi] — Elvly™])
(D:5) Pry Pro
ﬁm 1 —1 m m m
= —1 + —var (v|y Ev|iyll — Ev]y
S b ) (Eivivi] - Eivly™)
~—~ N ~~
market portfolio zero-mean random portfolio

This proves the first part of the theorem, with

& = var ' (vlyl) (E[vlyi] — Elvly™])

Our next goal is to show that lim,, EZS = 0,,x1. To prove this, we need to perform some
preliminary computations. In particular, we need to express the conditional expectations
and conditional variances in terms of the primitives of the sequence of economies, specifically

Yy and Y.

Define
21 == [EVV EVV(EVV + Eee)ilzvvl]

For a scalar m and h, define

1
_ Z]VV + Eee EVV]-
) = vsn T s s B

We have
cov(v,y™) =3, var(y™) = Xo(n™,0), var(v]y™) = (EVV — 21251(#”,0)2'1)
where, above, we have evaluated ¥q(m, h) at (m, h) = (7™,0). We also have
cov(v,ypm) = X1, var(yy) = Xo(n™,1/m), var(vly;,) = (EVV -3, 1/m)2’1)
where, this time, we have evaluated Xo(m, h) at (7, h) = (7™, 1/m).
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We use those expressions to rewrite £ :

g = (B — S5, (@, 1/m))) T S,

o (22—1(ij 1/m) (YZ?) — Eyzg) — 37 (7™, 0) (ym - Eym>>

This is a product of two terms. The first term is nonrandom, has dimensions n x (n + 1),
and has the finite limit:

(B — S35 1(7,008) 7' 5,

where 7 = lim 7™.

Thus, to prove that lim &) = 0,1 with probability one, it is sufficient to prove that with

probability one

lim (zgw, 1/m)(vis = Byiy ) = B3 (x",0) (y" - Eym)) —Opsipa (D.6)

For a scalar 7 and h, define the matrices A(m, h) and B(r, h):

0 0 0
l—7m+nh ]
-
A(m, h) =
1—m
0
1—-7m+h
| 0 0 0 1] (n+1)x (n+1)
_ 1 -
0 0
l—7m+nh )
0 0
1-— h
B(r, h) = T
0 1
1—-7m+h
- 0 0 0 4 (n+1)xn

Then, from the definition of y™ (see Equation D.1) and the definition of y}! (see Equation
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D.3), we can write
m m m 1 m 1/2
Yy = A(7™,1/m)y —|—EB<7T J1/m)(v+m ey,)

where, above, we have evaluated A(rw, h) and B(w, h) at (7,h) = (7™,1/m). In particular,

Byt = Ey™, and A(r,0) is the identity matrix.

We can now rewrite the left-hand side of Equation D.6:

lim (22—1(7#”, 1/m)(vis - Eyin) = 5" (7", 0) (y" - Eym))
— lim (z;l(wm, 1/m)A (7™, 1/m) — S5 (7™, 0)A (7™, 0)) (ym - Eym> (1)

1
+1lim 2,1 (7™, 1/m)—B(x™,1/m) (V — K, + m1/2€k0> (1)
m

Consider term II. Because lim,, 7™ exists, for every realization of v and €y,, the limit, as m
goes to infinity, is zero. Thus, to complete the proof that lim,, £’ = 0 with probability one,

we only need to show that the limit of term I is, with probability one, zero.

2

We multiply the denominator of term I by 1 = m!/? x L x m!/2, so term I can be written as

lim (22_1(7rm, 1/m)A (7™, 1/m) — S5 (x™, 0)A (7™, 0)) (ym - Eym)

1 (= 1/m)A(r™, 1/m) — 5 (7™, 0)A(x™,0)) 1 /. m
~ iz " 1/m < i (y — by )

We have decomposed the term into a product of three terms. The limit of the first term,
(Z;l(ﬁm, 1/m)A(x™, 1/m) — 351 (7™, 0)A (7™, O))
1/m

, has a

—1, is zero. The middle term,
m

finite limit equal to
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where 7 = lim 7™.?" The limit of the third term,

1 1
W(V_“V)er Z €

1 keNT™

ml/2 (y Y (D.1)

1 1
mg/ (v —ny)+ g/E D 1 €k

is zero, with probability one, thanks to the strong law of large numbers.

This completes our proof that for every ky € Z, lim &} = 0(,4.1)x1 With probability one.

E Overall Equilibrium

Let A = {NZ,Z} denote a partition of investors. In Section 5 we characterized the equilib-

rium prices (pr(A), p(A)) that correspond to the partition.

First, we proved that the equilibrium prices and allocations are identical to the equilibrium
prices and allocations in the artificial economy. In particular, the investors’ allocations are

independent of the the partition and all investors hold the market portfolio.

Second, in Theorem 6.1 we showed that regardless of what the partition of investors is, the
price of the risk-free asset, the return on the risk-free asset, the price of the market portfolio,

and the return on the market portfolio do not depend on the partition.

Putting the two together, we find that investors’ expected utilities, conditional on signals

and prices, are the same regardless of the partition. Therefore, the unconditional expected

27Using rules for differentiation for matrices, we can compute this partial derivative. It is equal to

1
1—-7

1 1, Yee 0, 1,
(1 _ 77.)2 22 1(7Ta0) |:01><n 0X1:| 22 1(7T70) -

2, (7,0) Eﬁii O”O“}
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utilities are the same regardless of the partition. Thus, ex ante investors are indifferent

between indexing and nonindexing.

Finally, the notion of overall equilibrium that Grossman and Stiglitz (1980) develop requires
that investors be ex ante identical. If we assume, pursuant to Grossman and Stiglitz (1980),
that all investors have the same coefficient of risk aversion, then for any partition A, the
unconditional expected utility of an indexer is the same as the unconditional expected util-
ity of a nonindexer. Thus, any partition A and the prices associated with the partition,

(pr(A),p(N)), form an overall equilibrium (see Grossman and Stiglitz, 1980, section E).
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